Abstract. Let SL2n, Sp 2n , E6 = G sc (E 6 ), F4 = G(F 4 ) be simply connected split algebraic groups over an arbitrary field F . Algebraic K-theory of affine homogeneous varieties SL2n / Sp 2n and E6 / F4 is computed. Moreover, explicit elements that generate K * (SL2n / Sp 2n ) and K * (E 6 / F4) as K * (F )-algebras are provided. For some twisted forms of these varieties K-theory is also computed.
Introduction

K * −|I| (F ).
In section 1 we construct multiplicative generators of K-theory and introduce some notation. In section 2 we study the Merkurjev spectral sequence which is used in section 3 to compute the K-theories of the varieties in question as graded modules over the K-theory of a base field. In section 4 we compute the multiplicative generators of the K-theory and state the answer in the split case. In section 5 we state the problem for twisted forms of the varieties. Then in section 6 we describe how to twist the multiplicative generators with a cocycle. Finally, in section 7 we show how Panin's splitting principle helps to reduce the problem to the split case, which is already solved.Definition 1. Let G be an algebraic group over a field F . The representation ring R(G) of a group G is the Grothendieck group of the category Rep F (G) with multiplication induced by tensor product of representations.
Suppose we have a subgroup i : H ֒→ G. Then restriction of representations induces the homomorphism i * : R(G) → R(H).
SL 2n and Sp 2n . Denote the vector representation by V . Then for representation rings of the groups SL 2n and Sp 2n we have:
The representations Λ k V and Λ 2n−k V become isomorphic after restriction to Sp 2n for every k = 1, . . . , n − 1. The homomorphism i * : R(SL 2n ) → R(Sp 2n ) is surjective. The ideal Ker i * is generated by elements Λ k V − Λ 2n−k V , where k = 1, . . . , n − 1.
E6 and F4. Let ρ and ρ ∨ be the 27-dimensional fundamental representations of E6, and let ρ ′ be the 26-dimensional fundamental representation of F4. Then for representation rings of the groups E6 and F4 we have:
and Λ 3 ρ ≃ Λ 3 ρ ∨ . The representations ρ and ρ ∨ become isomorphic after restriction to F 4 . It is known that i * (ρ) = i * (ρ ∨ ) = ρ ′ + 1 ; i * (Ad E6 ) = ρ ′ + Ad F4 [3, p. 298] . Hence the homomorphism i * is surjective. The ideal Ker i * is generated by elements ρ − ρ ∨ and Λ 2 ρ − Λ 2 ρ ∨ .
1.2. Construction. Suppose we have an affine homogeneous variety G/H. Assume there are two nonisomorphic representations of the group G that are isomorphic when restricted to the subgroup H. In other words, there are homomorphisms φ, ψ : G → GL(F k ) and a matrix α ∈ GL(F k ) such that
Using these data we construct a well-defined map χ from G/H to GL(F k ):
and consider the composition:
This way, the map χ gives us an element in K 1 (G/H). It is denoted by β(φ − ψ) and defined by the following formula:
1.3. Application. Now we will provide some elements of K 1 (SL 2n / Sp 2n ) and K 1 (E 6 / F4), and later we will show that they are multiplicative generators of K * (F )-algebras K * (SL 2n / Sp 2n ) and K * (E 6 / F4). These varieties are affine as quotients of reductive groups by reductive subgroups (see [10] ), so we can apply here the construction described in 1.2. For the group SL 2n consider the vector representation V and its exterior powers Λ k V . For every 1 k n − 1 the representations Λ k V and Λ 2n−k V are isomorphic when restricted to Sp 2n (see 1.1). The corresponding elements of K 1 (SL 2n / Sp 2n ) are defined as follows:
For the group E6 consider the fundamental representations ρ and ρ ∨ , which are isomorphic when restricted to F4 (see 1.1). Here are the desired elements of K 1 (E 6 / F4):
1.4. Notation. Here we introduce some notation that will be used later.
• G/H (or X) -both varieties SL 2n / Sp 2n and E6 / F4;
• ρ 1 , . . . , ρ l -fundamental representations of the group G;
-pairs of fundamental representations of G, that are isomorphic when restricted to H (m = n − 1 or m = 2);
Merkurjev spectral sequence
The Merkurjev spectral sequence allows to express the K-theory of a variety X equipped with an action of an algebraic group G in terms of the G-equivariant K-theory of X (see [4] , [5] ). Definition 2. Let X be a variety equipped with an action of an algebraic group G. The G-equivariant K-theory of X is the K-theory of the category of G-equivariant vector bundles over X. It is denoted by K * (G; X). Theorem (Merkurjev) . Let G be a split reductive group such that π 1 (G) is torsion-free, and let X be a G-scheme. Then there is a spectral sequence:
Since both groups G = SL 2n and G = E6 are simple and simply connected, their fundamental groups are trivial [4, Cor. 1.3] . Applying this theorem to the case of the variety G/H, on which the group G acts by left translation, we get the following spectral sequence:
Let us compute the terms of its second page.
Computation of E
Proof. This statement is proved in [1, Lemma 9] . The proof is based on the fact that the categories Vect Therefore we need to compute the second page of the following spectral sequence:
At first, we will treat the case q = 0.
Computation of Tor
. First let us notice that Z is considered as an R(G)-module by means of the dimension homomorphism R(G) → Z, and R(H) becomes an R(G)-module by means of the homomorphism i * : R(G) → R(H). Recall that for both considered varieties G/H the homomorphism i * is surjective (see 1.1).
We can see that the sequence ( ρ 1 , . . . , ρ m ) is regular in R(G). Hence we can write the corresponding Koszul resolution K• → R(H), consisting of free R(G)-modules:
, then the differentials are defined the following way:
Let us multiply the resolution K• termwise by Z and apply this isomorphism:
All the differentials will become zero because dim(ρ i 1 ) = dim(ρ i 2 ), and so dim( ρ i ) = 0 for every i.
As a result, we get the formula:
(1) Tor
Final presentation of E 2 p,q . To finish the computation of E 2 p,q we will need the following lemma.
Proof. Because of associativity of tensor product we have:
This implies the existence of two spectral sequences that converge to triple Tor:
Therefore both spectral sequences degenerate on the second page and E 0,p 2 = E p,0 2 , which is indeed the statement of the lemma.
Lemma 1, formula (1) and Lemma 2 imply that the Merkurjev spectral sequence for the varieties G/H = SL 2n / Sp 2n and G/H = E6 / F4 looks this way:
The Merkurjev spectral sequence is a special case of the Levine spectral sequence [4, 3.1] . There is a multiplicative structure on the zero row of the second page of the Levine spectral sequence which is denoted by ⌣ 2 [2, Section 1]. To check that the spectral sequence E * p,q degenerates we will need the following technical lemma.
Lemma 3. The multiplicative structure ⌣ 2 on p E 2 p,0 coincides with the natural product on p Λ p (Z m ).
Proof. The following statement is true [2, Example 1.1]: let R be a local ring, m its maximal ideal, x 1 , . . . , x n a regular sequence in m and B an ideal in R. Then the multiplicative structure
coincides with the natural product.
Under the conditions of the lemma we need to show that the two products on
Let us reduce this case to the proposition stated above.
Observe that the sequence (ρ 1 , . . . , ρ l ) is regular in R(G) and that Z = R(G)/(ρ 1 , . . . , ρ l ). Recall that for our varieties R(H) = R(G)/I where I = Ker i * . Thus we get:
Passing to the localization allows to consider the graded ring ⊕ p Tor R p (R/a, R/J) in which the ideal a is already maximal. By means of the identity Tor
, R a /J a ) the statement can be reduced to the case of a local ring R.
Let us consider the edge homomorphisms g i :
Since the differentials d r 1,0 are zero for every r 2, we see that
hence g 1 is surjective. The edge homomorphism is multiplicative with respect to the product
. It follows from Lemma 3 that the edge homomorphism is multiplicative with respect to the natural product on Λ(Z m ). The algebra Λ(Z m ) is generated by the component Λ 1 (Z m ), thus surjectivity of g 1 implies that g i are surjective for every i. It follows from the surjectivity of the homomorphisms g i that E 2 i,0 = E ∞ i,0 . Therefore all the differentials d r p,0 are zero for every r 2. The Levine spectral sequence is a module over
and d 2 p,0 = 0, all the differentials on the second page are zero. Using the facts that d r p,0 = 0 and that E r p,q is a K * (F )-module for every r 2, we get that the differentials are zero on the higher pages also. As a result we see that the spectral sequence degenerates at the second page.
Corollary 1. There is a filtration on
there is a filtration on each K i (G/H) with the following successive quotients:
. These filtrations give a general filtration on K * (G/H) with the desired successive quotients.
Proof. Let us consider the filtration on K * (G/H) defined in Corollary 1. All the successive quotients are free K * (F )-modules of finite rank, therefore short exact sequences ending with those modules are split. It means that we have an isomorphism of K * (F )-modules (which may not respect the graded structures):
2.3.
Application of E * p,q . Let us get some information about K * (G/H) using the considered spectral sequence.
Proof. The filtration on K 1 (G/H) implies the existence of a short exact sequence:
Let us introduce some notation: A is the graded ring K * (F ); A + = i>0 A i (A/A + = Z); B is the graded A-module K * (G/H). The quotient module B/(A + ·B) has the structure of a Z-module.
Lemma 5. There is an isomorphism of abelian groups
Proof. For every p > 0 there is a filtration on K p (G/H) of length p + 1 such that K p (G/H) (p) = K p (F ). Taking the quotient by K p (G/H) (p) we get a filtration of length p on the quotient group, the first term of which is again zero in B/(A + · B). Iterating this process we get that the homomorphism B → B/(A + ·B) sends the free summand
Let us consider the exterior algebra Λ(Z m ) as an abelian group with the natural grading: Λ(Z m ) i = Λ i (Z m ).
Proposition 1.
There is an isomorphism of graded K * (F )-modules:
Proof. Let S be a graded ring, S + = i>0 S i . For a graded S-module P we will denote the S/S + -module P/(S + ·P ) as P . As earlier, we will write A for K * (F ). Let us introduce notation for graded A-modules: B = K * (G/H), C = K * (F ) ⊗ Λ(Z m ), and let j : A ֒→ B be the canonical inclusion.
Consider the homomorphism of graded A-modules:
where Λ(id) = id : Z m → Z m ⊂ B 1 (see Lemma 4) , and Λ(id)(
We will show that φ is an isomorphism. To do that we will use the graded version of the Nakayama lemma.
Lemma (Graded Nakayama Lemma). Let R = ∞ i=0 R i be a graded ring,
First we will check that φ is an epimorphism. It follows from Corollary 2 and Lemma 6 that the homomorphism φ is a graded epimorphism of free finitely-generated K * (F )-modules of the same rank. It implies that Ker φ = 0, and so Ker φ = 0 by the graded Nakayma lemma. Thus φ is an isomorphism of graded K * (F )-modules. 
Recall that for each pair of representations (ρ i 1 , ρ i 2 ) we constructed an element β(
Proof. Let Z m be generated by elements e 1 , . . . , e m as a free abelian group. Consider the diagram of abelian groups and their homomorphisms:
The homomorphisms are defined the following way:
else. We will show that ψ is an isomorphism. Observe that:
Therefore,
Hence χ • p * • ψ = id, i.e., ψ is injective. Note that ψ : Z m → Z m has a left inverse χ • p * . It implies that Coker ψ = 0 and so ψ is surjective.
Final result.
To study later K-theory of twisted forms of varieties, we will formulate now the obtained result in functorial terms. Let X be a variety and let ξ = (x 1 , . . . , x m ) be a set of elements in K 1 (X). For every subset of indices I = {i 1 < · · · < i q } ⊆ {1, . . . , m} we denote
Let us consider the homomorphisms of graded K * (F )-modules:
We define the homomorphism Θ ξ the following way:
where I runs through all the subsets of a set {1, . . . , m}.
The final result follows from Propositions 1 and 2. 
I⊆{1,...,n−1}
Twisted forms and central simple algebras
From now on we will assume that char(F ) = 2. As earlier, we denote both varieties SL 2n / Sp 2n and E6 / F4 as G/H or X. We denote the center of an algebraic group G as Z(G).
Let us consider an action of the group H on the variety G/H by left translation. This action can be extended to H = H/Z(H) (in the first case H = Sp 2n /µ 2 , in the second case H = F4). Let us fix a 1-cocycle γ : Gal(F sep /F ) → H(F sep ). Since there is an action of H on G/H, we can consider a twisted form of the variety X denoted X γ . The rest of the paper consists of the computation of K * (X γ ). Let σ : H → GL(V ) be a Ch-homogeneous representation of the group H and A = End F (V ) be a central simple algebra (we will write End(V ) for End F (V )). Consider the action of H on A by conjugation: (h, α) → σ(h)ασ(h) −1 . It induces an action of H on the algebra A. From the action of H on the algebra A and a cocycle γ : Gal(F sep /F ) → H(F sep ) the Tits construction allows to build a twisted algebra A σ γ (see [12, §3] or [8, 8.6] ). Remark 1. Let V be a 2n-dimensional vector space over F , A = End(V ), and let τ be an involution on A corresponding to the standard antisymmetric form. Consider the action of Sp 2n on SL 2n and Sp 2n by conjugation. Then for twisted forms of SL 2n / Sp 2n we have:
5.2. Computation of central simple algebras. Let σ : H → GL(V ) be a Ch-homogeneous representation of a group H and let A = End(V ). The class of the algebra A σ γ in the Brauer group Br(F ) depends only on the character χ ∈ Ch(H) representing the action of Z(H) on V under σ [8, 8.7] . We will compute the equivalence classes of the algebras A σ γ in the Brauer group for fundamental representations σ of the groups H = Sp 2n and H = F4.
The center of the group Sp 2n is equal to µ 2 , so Ch(Sp 2n ) = Z/2Z. Under vector representation V the center acts with the character 1 ∈ Z/2Z. Under representation Λ r V the center acts with the character r ∈ Z/2Z. Hence in Br(F ) there are equivalences for
where A = End(V ), V is a 2n-dimensional vector space, i = 1 . . . n.
The center of the group F 4 is trivial, so the group of characters is trivial also. Therefore for all four algebras A i,γ = End(V i ) σ i γ corresponding to fundamental representations σ i of the group F 4 we have A i,γ ∼ F . 
This way we can assign an element [f ] ∈ K 1 (Y, B op ) to the morphism f .
Application. Suppose that the representations (ρ i 1 , ρ i 2 ) of the group G (where notation is as in 1.4) act on a vector space V i . Then each pair defines the map ρ i : G/H → GL(V i ) described in 1.2:
are H-equivariant morphisms (with respect to the action by left translation of H on G/H).
Denote A i = End(V i ). Observe that representations ρ i 1 : H → GL(V i ) are Ch-homogeneous. Therefore we can twist GL(V i ) = GL 1,A i with a 1-cocycle γ : Gal(F sep /F ) → H(F sep ) (see 5.1). We will write A i,γ for A ρ i 1 i,γ . Furthermore, we can twist with this cocycle X = G/H and ρ i (because of H-equivariance of morphisms ρ i ). We get the following objects:
where ρ i,γ ∈ Mor F (X γ , GL 1,A i,γ ). To the morphism ρ i,γ we assign the element [ ρ i,γ ] ∈ K 1 (X γ , A op i,γ ) the way described in the general construction. After fixing a cocycle γ the corresponding elements of the K-theory will be denoted Recall that we know the equivalence classes of the algebras A i,γ in the Brauer group from 5.2. Since K 1 (Y, F op ) = K 1 (Y ) for every variety Y , we have:
where 0 i n − 1, V is a 2n-dimensional F -vector space, A = End(V ).
Computation of K-theory of twisted forms
Let Y be an affine variety, B 1 , . . . , B m central simple F -algebras and ξ = (x 1 , . . . , x m ) a set of elements such that
and consider the homomorphism of graded K * (F )-modules:
where I runs through all subsets of the set {1, . . . , m}.
For the variety X γ = (G/H) γ we take central simple algebras Panin's splitting principle tells us [8, Theorem 1.1] that in order to prove that the homomorphism Θ ρ is an isomorphism, it is enough to check the following property. Proof. Since γ E is trivial, all the twistings trivialize over the field E:
(G/H) γ × Spec E ≃ (G/H) E , A i,γ ⊗ E ≃ A i ⊗ E ∼ E (equivalence in Br(E)),
where t i and s i are defined the same way as in Theorem 1. We see that the homomorphism Θ ρ (E) in case of every considered variety G/H coincides with the corresponding isomorphism from Theorem 1 after scalar extension up to the field E.
Therefore for varieties SL 2n,γ / Sp 2n,γ as well as for varieties (E 6 / F4)γ the homomorphism Θ ρ is an isomorphism. It implies the final result. 
